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We revised the large-N expansion for a three-dimensional Bose system with short-range repulsion
in normal phase. Particularly, for the model potential that is characterised only by the s-wave scat-
tering length a the full numerical calculations of the critical temperature in the 1/N-approximation
as a function of the gas parameter an1/3 are performed. Additionally to the well-known result in
the dilute limit we estimated analytically the leading-order strong-coupling behavior of the Bose-
Einstein condensation transition temperature. It is shown that the critical temperature shift of the
non-ideal Bose gas grows at small an1/3, reaches some maximal value and then falls down becoming
negative.
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I. INTRODUCTION
Two decades ago it was clarified [1] that the transition
temperature of a three-dimensional homogeneous weakly
interacting system of hard-sphere bosons increases lin-
early with the increase of the s-wave scattering length
Tc − T0
T0
= can1/3. (1.1)
Soon after its publication this result was confirmed [2]
except for the coefficient c. The value of this coefficient
strongly depends on the specific calculation scheme and
was lively debated [3–11]. More precise simulations with
classical φ4 model performed in Refs. [12, 13] are consis-
tent to each other and give for c ≃ 1.3. The same value
for the interaction-induced shift of the phase-transition
temperature was also obtained in the later path-integral
Monte Carlo simulations [14]. This discrepancy of dif-
ferent numerical approaches is discussed in detail in
Ref. [15]. In the leading order of the 1/N -expansion,
which effectively sums up particle-hole diagrams, the co-
efficient that determines the critical temperature shift is
found to be c = 2.33 [16]. On the other hand, the sum-
mation of the particle-particle ladder diagrams [17] gives
a twice larger value of this coefficient. The calculations
in the so-called fluctuation–exchange approximation [18]
which incorporates both particle-particle and particle-
hole bubbles lead to c = 2.94. The next-to-leading order
in the 1/N term of c lowers the result by 26% (for a single
component Bose system) [19] which particularly signals
a good convergence of the large-N expansion. These cal-
culations however are complicated by the fact that the
first correction beyond the positive linear shift in an1/3
to the critical temperature is nonanalytic function [20–
22] and more a accurate value of c can be obtained only
∗e-mail: volodyapastukhov@gmail.com
through the five- [23], and seven-loop [24] calculations.
An alternative way to improve the results for the tran-
sition temperature of a dilute Bose gas is to use various
resummation procedures [25] where very good agreement
with Monte Carlo simulations is reached.
The goal of the present study is to explore the leading-
order large-N correction to the Bose-Einstein condensa-
tion temperature in the wide region of the interparticle
interaction strength and compare the obtained results
with recent Monte Carlo calculations [26, 27].
II. FORMULATION
The imaginary-time action of the considered model
reads
S =
∫
dxψ∗σ(x)
{
∂τ + ~
2∇2/2m+ µ}ψσ(x)
− 1
2N
∫
dx
∫
dx′Φ(x− x′)|ψσ(x)|2|ψσ′(x′)|2, (2.2)
where x ≡ (τ, r), ∫ dx = ∫ β
0
dτ
∫
V
dr, and the summa-
tion over repeated sort indices σ, σ′ = 1, 2, . . . , N is un-
derstood. As usual [28], the path-integral is carried out
over complex β-periodic (1/β = T is the temperature)
fields ψσ(x). We also introduced the chemical potential µ
that fixes the total equilibrium density Nn of the system.
The second term of action (2.2) describes interaction be-
tween particles with potential Φ(x) = δ(τ)Φ(r). For later
consideration the explicit form of the two-body potential
Φ(r) is not important except it must have the Fourier
transform defined. Introducing new real field ϕ(x) and
making use of the Hubbard-Stratonovich transformation
we rewrite action S in the equivalent form (up to an ir-
relevant constant term)
S =
∫
dxψ∗σ(x)
{
∂τ + ~
2∇2/2m+ µ− iϕ(x)}ψσ(x)
−N
2
∫
dx
∫
dx′Φ−1(x − x′)ϕ(x)ϕ(x′), (2.3)
2where the inverse operator Φ−1(x − x′) satisfies natural
identity
∫
dx′′Φ−1(x − x′′)Φ(x′′ − x′) = δ(x − x′). The
main advantage of such a decomposition lies in the re-
arranging of the perturbation theory in order to stress
the leading role of particle-hole diagrams in the large-
N limit. Separating the uniform classical part of field
ϕ(x) = ϕ0 + ϕ˜(x) (with constraint
∫
drϕ˜(x) = 0) and
using the steepest descend method for the grand canon-
ical potential ∂Ω/∂ϕ0 = 0 we obtain iϕ0 = n
∫
dxΦ(x),
where density n of each sort of particles should be treated
as a function of chemical potential. Finally, action (2.3)
in momentum space is
S =
∑
P
{iωp − εp + µ˜}ψ∗σPψσP +
N
2
βV n2ν0
−N
2
∑
K
ν−1k |ϕK |2 −
i√
βV
∑
K,P
ϕKψ
∗
σPψσP−K , (2.4)
where capital letters denote four-momenta P ≡ (ωp,p),
K ≡ (ωk,k 6= 0) (here ωk, ωp are bosonic Matsubara
frequencies) and εp = ~
2p2/2m is free-particle disper-
sion. We also used notations for the shifted chemical
potential µ˜ = µ − nν0 and νk for the Fourier trans-
form of the spherically symmetric inter-particle potential
Φ(r). Dyson equations that determine both one-particle
Green’s function Gσ(P ) = −〈ψσPψ∗σP 〉 and correlator
〈|ϕK |2〉 read
G−1σ (P ) = iωp − εp + µ˜− Σσ(P ), (2.5)
〈|ϕK |2〉−1 = N
{
ν−1k +Π(K)
}
, (2.6)
where self-energy Σσ(P ) and polarization operator Π(K)
are uniquely determined by vertex function Γσ(P+K,P )
(in the following we omit subscript σ everywhere)
Σ(P ) =
−1
βV
∑
K
Γ(P +K,P )〈|ϕK |2〉G(P +K), (2.7)
Π(K) =
1
βV
∑
P
Γ(P +K,P )G(P )G(P +K). (2.8)
This formulation clearly simplifies the perturbative
(1/N) expansion classifying diagrams by the number of
ϕ-correlators.
The obtained effective theory constitutes Bose parti-
cles coupled to the field ϕK that describes their own col-
lective excitations. To reveal this connection explicitly it
is enough to calculate the two-point density fluctuations
function for each component of the Bose system
〈|ρK |2〉−1 = νk +Π−1(K), (2.9)
which is related to the experimentally measured dynami-
cal structure factor. Poles of 〈|ρK |2〉 after analytical con-
tinuation determine the spectrum of collective modes.
The definition of the shifted chemical potential allows
to rewrite the thermodynamic relation for the equilib-
rium density as follows −∂Ω˜/∂µ˜ = Nn, where Ω˜ =
Ω + N2 V n
2ν0 depends on temperature and µ˜ only. It
also naturally enters the Ward identities in the so-called
static limit (ωk = 0,k→ 0)
∂G−1(P )
∂µ˜
= lim
K→0
Γ(P +K,P ), (2.10)
lim
K→0
Π(K) =
∂n
∂µ˜
. (2.11)
Note that combining the above second identity (2.11) and
the definition of µ˜ we find a full agreement of the low-
energy limit of the density-density correlation function
(2.9) limK→0〈|ρK |2〉 = ∂n/∂µ with the compressibility
sum rule.
III. LEADING-ORDER RESULTS
A. 1/N-approximation
We restrict ourselves considering only the simplest ap-
proximation of order 1/N . In this limit one neglects cor-
rections to the vertex function, i.e., Γ(P +K,P ) = 1 and
substitutes bare Green’s function G−1(P ) = iωp − ξ˜p,
(ξ˜p = εp − µ˜) in Eqs. (2.5), (2.6) for the self-energy and
for the polarization operator. Explicitly writing down the
dependence of the self-energy Σ(P ) = Σ(1)(P )/N + . . .
on N in the leading order we find
Σ(1)(P ) = − 1
βV
∑
K
νk
1 + νkΠ(K)
G(P +K), (3.12)
where Π(K) = 1βV
∑
P G(P )G(P + K) is the polariza-
tion operator in the adopted approximation. In order
to define the summation over ωk correctly one should
carefully single out the Hartree-Fock (actually, only the
Fock) contribution while calculating Σ(1)(P ) (see ap-
pendix A for details). After this the derivation of
the renormalized one-particle spectrum becomes a typ-
ical routine connected with the analytical continuation
Σ(P )|iωp=ω+i0 = ΣR(ω, p) + iΣI(ω, p) of the self-energy
and finding poles of Green’s function. Up to the first or-
der over the expansion parameter 1/N the impact of the
interaction effects on the quasiparticle dispersion is given
by ξ∗p = ξ˜p +Σ
(1)
R (ξ˜p, p)/N .
We perform the calculation of the Bose-Einstein con-
densation transition temperature Tc in a standard way
n = − lim
τ→+0
1
βV
∑
P
eiωpτG(P ). (3.13)
Obviously, in the transition point ξ∗p tends to zero in
the long-length limit, therefore one has to take into ac-
3count such a non-perturbative peculiarity of these calcu-
lations. Making use of spectral representation (via imag-
inary part ΣI(ω, p) of the retarded function) for the self-
energy and after straightforward summation over Mat-
subara frequencies we find in the accepted approximation
n = n0 +
1
NV
∑
p
∂n(βεp)
∂εp
∆Σ
(1)
R (ξ˜p, p) + . . . , (3.14)
where for convenience we denoted the shifted self-energy
∆Σ
(1)
R (ξ˜p, p) = Σ
(1)
R (ξ˜p, p)−Σ(1)R (−µ˜, 0), introduced nota-
tions for the Bose distribution function n(y) = (ey−1)−1
and for density n0 = (p0/2
√
pi)3ζ(3/2) (here and after
p0 =
√
2mT/~, and ζ(s) =
∑
n≥1 1/n
s is the Riemann
zeta function) of the ideal gas at the critical tempera-
ture. Finally, we conclude this section with the equation
that relates the shift of the critical temperature with the
density jump [4] in three dimensions
Tc − T0
T0
= −2
3
n− n0
n0
, (3.15)
where T0 is the Bose condensation temperature of non-
interacting system.
Till now we were discussing the properties of Bose sys-
tems not specifying the form of the inter-particle inter-
action. The only requirement to potential was the exis-
tence of a well-defined Fourier transform. In the follow-
ing sections the calculations of critical temperature will
be performed for a model with a short-range repulsion,
i.e., νk = 4pi~
2a/m which is characterized only by one
parameter, namely the s-wave scattering length a.
B. Analytical limits
We start with the discussion of the dilute limit which
is well-studied due to the long history of investigations.
In the present approach (see appendix A) this limit
is reproduced in the so-called classical approximation,
when all Bose distribution functions in the second term
of Eq. (3.14) are replaced by their infrared asymptotes
n(y) → 1/y. After these simplifications, the function
that determines the shift of the critical temperature
Tc − T0
T0
=
1
N
f (1)(an1/3) + o(1/N), (3.16)
can be calculated analytically in the limit of an1/3 → 0
[16]
f (1)(an1/3) =
8pi
3[ζ(3/2)]4/3
an1/3 + . . . . (3.17)
This linear dependence on an1/3 appears only because
the large-N expansion even in the simplest approxima-
tion sums up infinite series of diagrams divergent near
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FIG. 1: Dynamical structure factor of a single-component
Bose gas in dimensionless units. Here the gas parameter an1/3
is of order unity and for convenience we introduced dimension-
less scaling variables [32]X = εk/ω and Y = m(ω−εk)/~
2p0k.
The solid and dashed lines in main panel correspond to
k/p0 = 0.01 and k/p0 = 0.1, respectively. Inset: k/p0 = 1.0
(solid) and k/p0 = 10.0 (dashed).
the phase transition point. Any finite order of the con-
ventional perturbation theory necessarily leads to the in-
correct behavior of the critical temperature shift (for in-
stance, inclusion of the second-order terms only results
in f (1)(an1/3) ∝
√
an1/3 [29, 30]).
Another highly non-trivial case, where the leading-
order behavior of the function f (1)(an1/3) can be ob-
tained analytically, is the strong-coupling limit an1/3 ≫
1 [31]. To observe this possibility it is enough to ana-
lyze the integral over ω in Eq. (5.20). The first multi-
plier in the integrand is proportional to the imaginary
part of the retarded density-density correlation function
(2.9). To reveal the behavior of this correlator we calcu-
lated the polarization operator Π(K) (see appendix B for
details) and plot the sketch of the dynamical structure
factor S(ω, k) = 1pi (1− e−βω)−1ℑ〈|ρK |2〉|iωk→ω+i0 of this
model at fixed coupling constant and for some values of
the wave-vector in Fig. 1. Particularly, it is seen that
in the strong-coupling limit the system possesses a well-
defined spectrum of collective modes. It also easy to show
that the damping rate in the phonon region of spectrum
decreases exponentially as the gas parameter increases.
Up to the leading order in an1/3 this spectrum of collec-
tive excitations can be approximated by the Bogoliubov
one. This excitingly simple fact allows to provide further
calculations analytically and for the function f (1)(an1/3)
we obtain (see appendix A) at large arguments
f (1)(an1/3) = −64
45
√
a3n
pi
+ . . . . (3.18)
4First note that unlike to the dilute limit (3.17) the crit-
ical temperature in this case decreases. The second less
noticeable fact is that this leading-order result in the
limit an1/3 ≫ 1 is fully determined by the effects of
particle mass renormalization. On the level of our 1/N -
approximation this effective mass of a moving particle
is nothing but the hydrodynamic mass of a single im-
purity atom immersed in the “phonon” field ϕ(x). This
situation with the function f (1)(an1/3) when it grows at
small an1/3 and rapidly falls down to negative values in
the strong-coupling limit is consistent with experiments
[33] and with the results of simulations [26, 27] and has
a simple physical interpretation. For our model the en-
hancement of the interaction can be naively treated as an
increase of the particle size. In the ultra-dilute Bose gas
where the two-particle collision processes are less proba-
ble the presence of the short-range repulsion only leads
to the reduction of the free volume of the system, that
is why the Bose condensation temperature slightly in-
creases in this limit. When interaction grows the Feyn-
man mechanism [34] also takes effect and leads to the
effective increasing of a particle inertial mass. As a con-
sequence, the competition of these two physical mecha-
nisms of the critical temperature formation provides that
f (1)(an1/3) is a non-monotonic function of an1/3.
C. Numerical calculations
Although formula (3.14) with the self-energy given by
(5.19) and (5.20) is applicative for the analytical calcu-
lations in diverse limits, the full numerical computations
require another approach. From the practical point of
view it is more convenient to perform primarily integra-
tion over wave-vector in the self-energy and after that
to calculate the sum over the Matsubara frequency. Ad-
ditionally, the zero-frequency term should be singled out
and treated very carefully [16]. The numerical estimation
of the function f (1)(an1/3), which is the main result of
the present paper, is depicted in Fig. 2. The maximum
of the critical temperature due to our 1/N -calculations
is reached at an1/3 = 0.125 and after an1/3 = 0.345 the
shift of Tc of the Bose system with the fully repulsive
interparticle interaction is negative. For comparison we
also provide in Fig. 3 the results of recent path-integral
[26] and quantum [27] Monte Carlo simulations.
IV. CONCLUSIONS
In summary, by using 1/N -expansion to the leading
order we performed the full numerical calculations of the
critical temperature for Bose system with short-range re-
pulsion. Particularly it is shown by the direct computer
computations as well as by the analytical estimations in
various limits that the Bose-Einstein condensation transi-
tion temperature of this model is a non-monotonic func-
tion of the gas parameter. We have argued that for a
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FIG. 2: The result of numerical calculations of the dimension-
less 1/N-shift of the critical temperature. The inset shows the
linear behavior (3.17) in the extremely dilute limit.
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FIG. 3: The comparison of our leading-order 1/N calculations
(circles) of the critical temperature with the results of path-
integral [26] (squares) and quantum [27] (triangles) Monte
Carlo simulations.
repulsive inter-particle interaction with the large s-wave
scattering length or for a dense Bose gas the critical
temperature shift is negative even in the simplest 1/N -
approximation. Besides, it is demonstrated that the es-
timation for the transition temperature of hard-sphere
bosons obtained by means of large-N expansion coincides
comparatively well with the essentially exact results of
numerical methods.
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V. APPENDICES
A. Self-energy
The summation over the Matsubara frequency ωk in
self-energy (3.12) is not well-defined. To deal with this
problem we single out the leading-order ultraviolet term
of the fraction and rewrite Σ(1)(P ) in the equivalent form
Σ(1)(P ) =
1
V
∑
k 6=0
νkn(βξ˜|k+p|)
+
1
βV
∑
K
ν2kΠ(K)
1 + νkΠ(K)
G(P +K), (5.19)
where the first term is the Fock correction. Now the sec-
ond sum is convergent and by using of the spectral theo-
rems can be written in terms of real and imaginary part
of the retarded polarization operator Π(K)|iωk→ω+i0 =
Π(ω, k) = R(ω, k) + iI(ω, k)
1
V
∑
k 6=0
∫ ∞
−∞
dω
pi
ν2kI(ω, k)
|1 + νkΠ(ω, k)|2
×n(βω)− n(βξ˜|k+p|)
ω − ξ˜|k+p| + iωp
. (5.20)
In the strong-coupling limit, where the dynamical struc-
ture factor of the system has a sharp peak which cor-
responds to the quasiparticles with the Bogoliubov-like
dispersion E2k = ε
2
k+2nνkεk, one can integrate over ω in
Eq. (5.20) and obtain in the leading order:
∆Σ
(1)
R (ξ˜p, p) =
−4εp
3V
∑
k 6=0
nν2kε
2
k
Ek(Ek + εk)3
+ o(
√
a3n). (5.21)
B. Polarization operator
In order to reveal the structure of collective modes of
the system and to calculate the self-energy we give some
details of the polarization operator calculations. The
imaginary part of the retarded polarization operator cal-
culated at Tc reads in the adopted approximation
I(ω, k) =
βp40
16pik
ln
∣∣∣∣∣
1− e−[k/2p0+βω/(2k/p0)]2
1− e−[k/2p0−βω/(2k/p0)]2
∣∣∣∣∣ . (5.22)
For the real part R(ω, k) we use well-known spectral the-
orem
R(ω, k) = v.p.
∫ ∞
−∞
dω′
pi
I(ω′, k)
ω′ − ω . (5.23)
The spectrum of collective modes is determined by the
equation 1+ νkR(Ek, k) = 0. Using Eqs. (5.22), (5.23) it
is easy to obtain the asymptotic formula for R(ω, k) [35]
and to argue that Ek tends to the Bogoliubov spectrum
when an1/3 ≫ 1.
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